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ABSTRACT

It is proved that if T is an unstable (first-order) theory, 1 > |T| 4 Ny,
then T has exactly 2* non-isomorphic models of cardinality 1. In fact we
have stronger results: this is true for pseudo-elementary classes, and for
almost every 4 = |[T| + Ni.

Suppose T is a (first-order) complete theory in the language L, T, o T, and
I(2, Ty, T) is the maximal number of non-isomorphic models of T of cardinality 4,
which are L-reducts of models of T,. Our main theorem is

THeorem 0.1. If A > ITI I + No, and T is unstable then I(A,T,, T)="2%
In fact we can replace A > !TII + Ny by A= | T1| + 8, except in the case
there is a family of 2* subsets of 4, each of cardinality 4, such that the intersection

of any two sets from the family is finite. But this case is very rare (see Lemmas
3.2, 3.3).

CONJECTURE. If 22 |Ty| + Ny, and Tis not superstable, then 2* = I(1, Ty, T).
Moreover, this is the best possible result.

There are many partial results toward this conjecture; some of them appeared
in the notice [10], where a result weaker than Theorem 0.1 also appears. It holds
for regular 1 > | TI.

In the proof, we shall use Ehrenfeucht-Mostowski models (see [2], or the
exposition Morley [6]). Ehrenfeucht in [1], using a property a little stronger
than unstability, proves that if A =2 > | T |, then I(A, Ty, T) = 2 (the property
was the existence of an infinite set in a model M of T, and an antisymetric con-
nected relation ¢™(x,, --+, x,) on it). Morley [5] improves his result, and improving
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this in Shelah [8] Theorem 2.13, it was proved that I(N,, T;,T) = [oc — ﬂl if
l T, | = N;. Here we shall also use the theorem of Shelah [97, which says that if T
is unstable, then there are n < w, and an infinite set of sequences of length n from
a model M of T, and a relation ¢™(%, 7) which orders them (by [9], Theorem 4.7,
this is weaker than Ehrenfeucht’s demand). Other results on I(4, Ty, T) can be
found in Keisler [4], Theorem 5.6, and Morley [7]. See [9, §OE,G] for a list
of results. In Section 1 we define the Ehreufencht-Mostowski models, and show
that we can, without loss of generality, assume additional assumptions on Ty
and T.

In Section 2 we prove a combinatorial theorem about ordered sets.

In Section 3 we prove that if 4 > | Ty |, I(4, Ty, T) < 27, then there is a family of
2* subsets of A of cardinality A, the intersection of any two of them is finite. We
also show that this implies there is a regular ¥, < A, such that 21%1 4 2% =24,
In Section 4 we show that 1> 8, > | T, | + X, X, regular, implies I(2,T;,T) 2 2'*
+ 2% | and so prove the main theorem.

NotATIONS. Infinite cardinals will be denoted by A,u,x,x; ordinals by
i,j,k,1, B,y; imit ordinal by &; natural numbers by m, n,r. Ordinal is the set
of the smaller ordinals, and a cardinal is an initial ordinal. M, N are models,
a,b,c elements of models, x,y,z variables and ¢,y formulas. | 4] is the car-
dinality of A, w is the first infinite ordinal, and &, is the ath infinite cardinal.
Sometimes we shall not differentiate between a predicate P and its interpretation
P™ in the models (similarly for function symbols and terms).

1. For simplicity we assume that all the languages and theories will be infinite.
A theory T'in a (first-order) language Lis a consistent set of sentences of L. Let T
be a fixed complete theory in L, and T a fixed theory in L, and T < T;. Let
PC(T,, T) be the class of L-reducts of models of T;; and I(4, Ty, T) the maximal
number of non-isomorphic models of PC(Ty, T) in the cardinality A. The theory T
is unstable if for every A there is a model M of T, and a set A = | M| (= the set
of elements of M) such that the elements of M realize over A more than 4 complete
types and | 4| < 1 (see Shelah [8]).

Our aim is

Turorem 0.1. If Tis unstable, 2> |Ty| (=|T;| + No) then I(4, Ty, T) = 2%
(In fact, we shall prove there for most A it suffices to require A = | T1l + ¥4

Since for every A 2 | T}, clearly I(4, Ty, T) £ 2%, it suffices to prove I1(4, Ty, T)
=24
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It is easy to see that T, = T, implies I(A, T}, T) = I(4, T,, T). As we want to
to prove only I(1, Ty, T) = 2* we can without loss of generality assume

AssUMPTION 1. T, is complete,
By Shelah [9] Theorem 2.13:

Lemma 1.1. Tisunstable iff T has a model M, and there is a natural number,
, and a formula ¢(%,y) of L, such

n, and sequences d°, da',--, @,z |M"
that for every m,l <
M E@[amd] iff m<l.

In fact we can use here the conclusion of the lemma as a definition of unstability.

In fact we can assume that n = 1, because of the following construction. Let
Fy,---, F,_ be function symbols not in L;, let M be a model of T,. We define a
model M* as follows: its set of elements is |M| V) | M
be the relations of M. The functions of M* are the functions of M, and the
functions Fy,---, F™*, which are defined as follows:

if ae|M!, Fi(a)=a

" and its relations will

if a=1{ag, " a,-> e|M " FM'(a) = a,.
We define T; as the (first-order) theory of M*, and we define T* similarly.
It is easy to see that for every A, I(A, Ty, T) = I(4, T}, T*). It is also easy to see
that T* satisfies the conclusion of Lemma 1.1 for n =1.

So we can assume

AsSsUMPTION 2, In L there is a formula x < y such that

A) T has a model M and elements ag,a;,a,, -+, ay - of M such that for
every n,m<w, MkFa, <a,<>n<m

B) (Vxp)(x <y— —1y <x).

Remarks. 1) If the formula ¢(x,y) satisfies (A), then ¢(x,¥) A 1 ¢(y,x)
satisfies (A) and (B).

2) By the context we shall know what is the meaning of <.

A theory T in a language L' contains its Skolem functions if for every formula
¢(x, 7) in L', there is a function symbol F in I! such that

(VP [(A0)$(x, 7) > ¢(F(5), H] e T
It is well known that for every T, in L, there is a theory 7T, in a language
Ly, |L,| £]L,
assume, without loss of generality

, Ty < T, such that T, contains its Skolem functions. So we can
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AsSSUMPTION 3. T; contains its Skolem functions and is complete,

By Assumptiona 2 and 3, T; has a model M, and elements a,, a,, --+ of M, such
that MFa, < a, iff n <m; and that T, contains its Skolem functions. By the
construction of Ehrenfeucht and Mostowski [2] it follows (See e.g. Morley
[6]):

LemMA 1.2, For every ordered set I, Ty has a model M((I) and a e ] Ml(I)l
for every sel such that

1) every element of M(I) is of the form (a,,, -, a,) where s; < -+ <s,€l
and © is a term in L,.

2) Foreverys<tel, M\(I)Ea, < a,

3) For every formula ¢(x4,---,x,) of Ly,
and sy <---<s,el, ty <= <t,el

M(DE ¢[asn ) as,,] = ¢[am "'sat,,]
4) For every element b of M,(I) there are s; <-.- <s,€l such that: if
ti,t,€l, and 1Sk<n =t <s,=t,<s; and 1LkSn=t, =5,=1, =5
then M \()Eb <a, =b < a,,, M\()Fa,, <b=a, <b.

ReMARK. Clearly (1) and (3) implies (4).

DEerFINITION 1.1
A) M(I) is the L-reduct of M,(I)
B) <a,: seI> will be called the skeleton of M,(I), and also of M(I).

ReEMARK. Ehrenfeucht [1] uses a similar construction.

2. Let I,J denote non-void ordered sets (instead of ordered sets we shall say
order). Their elements will be denoted by s,t and their orders by <. When there
is a danger of confusion, the order of I is denoted by <!, I* is the converse of
the order I.

Many times we shall assume implicitly that different ordered sets have no
common elements. In fact, this requires many times the exchange of ordered sets
by isomorphs of them, but we shall not mention it. I + J is the sum of I and J,
i.e. the elements of I + J are the elements of I and J; and the order between
elements of I remains, and similarly for J, and s €, t € J implies s < t. We define
similarly X,.,I, and X I,

Ordinals and cardinals will also be considered sometimes as orders.

So < is used as an order of ordered sets; as an order between ordinals and
cardinals, and also as a predicate of L. Its meaning should be clear from the
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letters we use. Note that we shall write ¢[4] instead of MF ¢[a], if it is clear
what is M.

The central concepts of this section are

DeriniTiON 2.1, Let M be a model with the relation <, which is antisym-
metric. The sequence {a,: s € I) of elements of M is called a nice sequence (in M)if

A) s < tel implies a, < a,

B) For every b 6|M there are s; < .-+ < s, such that: for every t,, t,€l
flsksn=t<s,=ty,<s,and 1<k<n=t =s,=t,=s; then b<a,,
=b<a,,a,<b=a,<b.

Clearly, by (4) of Lemma 1.2

LemMmA 2.1. The skeleton of M(D) is a nice sequence, when < is < from
Assumption 2.

DEerINITION 2.2. The orders I,J will be called contradictory if there are no
orders I, J; without last elements such that: there is a model M with a relation
< and in it nice sequences {a,: sel; + I*) and <b,: s J, + J*> such that:

1) for every teJ* there is s° e, such that s' > s° s'el, implies there is
s>st, sely, a,<b,

2) for every teI* there is s°eJ,, such that s' > s° s'eJ, implies there is
s>s',seJ;, b, <a,

REMARK. By the definition of nice sequence, (1) implies that for every t e J*
there are s°cl', s'el* such that s°<s<s' (in I, + I*) implies a, < b,.
Similarly for (2). We shall use this many times. Our aim in this section is to prove

THEOREM 2.2. For every A > N, there are 2* orders of cardinality A which
are contradictory in pairs.

We shall prove it by a series of lemmas.

DermNiTION 2.3, The cofinality of an order I, ¢f(I) is the smallest cardinal A,
such that there is an increasing sequence {s;: k < 1) of elements of I such that
for every sel there is k < A for which s < s,.

If I has a last element, cf(I) is not defined. The sequence {s,: k < 1) is called
a cofinal sequence in I. Clearly c¢f(I) is a regular cardinal.

LemMMA 2.3. If c¢f(I) # cf(J) then I and J are contradictory orders.

ProoF.  Without loss of generality cf(J) = u> A= cf(I). Suppose I and J
are not contradictory, and we shall get a contradiction. By Definition 2.2, there
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are orders I, J,, a model M and nice sequences {a,:sel; + I*), (b,:teJ, +J*
which satisfy the conditions mentioned in Definition 2.2. Let {s,: k< i) be a
sequence cofinal in I, and {t,: k < p) be a sequence cofinal in J. Let k < 4, then
there is t*eJ, such that teJ,, t* <t implies b, < a,, As (b,:teJ, +J*) is a
nice sequence, there is I =I(k) < u such that (in J, + J*) t*<t <1, implies
b, < a,,. Hence I(k) < i < p implies b, < a,.

As A < y and p is a regular cardinal, there is I° < psuch that ° S i<y, k< 4
implies b,, < a,,. As {a;:sel, + I*} is a nice sequence, {5;: k < 1) is cofinal
in I, and for every k < 1 b, 0 < a,, there is s° € I, such that s > s°, seI, implies
b,,o < a,. This contradicts Condition 1 in the Definition (2.2) of nice sequences.
So we get a contradiction and so prove Lemma 2.3.

DerviTiON 2.4, (1) For any cardinal 4, D, will be the filter on A2 whose basis
is the set of closed and unbounded subsets of A (closed by the order topology).
() If A,Bc 4, then A < B(modD;) means B U4 — A)eD,. Similarly A4
= B(mod D;) means A < B(modD,), B = A(mod D,).

REMARK. Solovay proved that for every regular A, there are A subsets of 4,
disjoint by pairs, and # 0 (mod D,)}; (He improves previous results). For comple-
teness we shall not use it, and prove a very weakened version of it—2.4.

REMARK. It is easy to see that D, is a filter, when c¢f(1) > w,and D, = {4: 4
< A, and there is a closed set B = 4, which is unbounded in A}. Moreover, if
u < cf(A), then the intersection of u sets from D, belongs to D;.

LeMMA 2.4. There is a family of R, subsets of Ny, disjoint in pairs, such
that every one of them is # 0 (mod Dy,). In fact we can replace ¥; by any
cardinality of cofinality > N,.

Proor. Let us first prove

(*)if A = Ny, 4#0 (mod Dy,), then there is a set B < 4, such that
B #0 (modDy,), A — B # 0 (modDy,)

Suppose A does not satisfy (*). Then it is easy to see that {4 N C: CeDy,} is
an ultrafilter on 4, which is closed under intersection of ¥, sets. As
A # 0 (mod Dy,), IA { =N, and so ¥, is a measurable cardinal. A contradiction.

So (*) holds. Let us define by induction 4, for n < w such that ¥; — Um<,,Am
# 0 (modDy,). For n=0 the condition is satisfied. If 4, is defined for m <,
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then by (*) thereis 4, © Ry — | ,s<n4n such that 4,0 (mod Dy,), (8; — U m<ndn)
— A, =81 = Un<ns14n #0 (modDy,). So the demand for n+1 is satisfied.
Clearly {4,: n < o} is the required family.

If we replace X, by 4, c¢f(4) > N, then there are two cases

A) A 1is smaller than the first measurable cardinal. Then the proof is exactly as
for Nj.

B) 4 is not smaller than the first measurable cardinal, and hence > & . Then
let A,=1{6:0<A4, and cf(6) = N,}. It is easy to see that {4,:n < w} is the
required family.

LEMMA 2.5. If A is a regular cardinal > Ny, [ = T, ,I¥, J = %, _,J¥, and
{k < A:I,,J, are contradictory} # 0 (mod D,)

then I,J are contradictory.

Proor. Suppose I, J are not contradictory, and we shall get a contradiction.

So there are a model M, orders I', J* without last element and nice sequences
LagiseI' +- 1%y, (b,:teJ' + J*) satisfying the conditions mentioned in
Definition 2.2.

As I, J, are non-void, we can choose an element from each of them: s e1,,
t, €J,. Now we shall define the ordinal k; = k({) for I < 4 such that:

I) I<i<Adimplies ky<k; <21

II) for a limit ordinal J, k; is the least upper bound of {k;: I < ¢}

) if sel*, s <sge(< —in I' +I¥) then a,< b

IV) if teJ*, t <tqsqy then b, <a, ,

Let us define k; by induction:

A) ky=0

B) Suppose k; is defined, and we shall define k;, ;. As in the proof of Lemma 2.3,
there is s® € I* such that s e I*, s < s° implies a, < b,,,,. Similarly there is t° e J*
such that t € J*, t < t° implies b, < a,, (- Let k4 be the first ordinal k such that
5 < 8% 1, <1t® (in I' + I*, J' + J* respectively, of course).

C) If 6 is a limit ordinal < 4, and k; is defined for every ! < 8, then k; will be
the least upper bound of {k;:1<é}.

Clearly {k;: I < 1} is a closed unbounded subset of 4, and so is {k;: § < 4, § is
a limit ordinal}. Hence {k,:0 is a limit ordinal}eD,. As {k<1:1,,J, are
contradictory} # 0 mod (D,), there is a 6 < A such that I, J x, are contradictory.

Let us define /= Iy, J=Jye, It = (Zpari)s J1 = (Zparpdi)™

(1)
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Let N be a model, such that |N| = IMI, and (a,b>e <V iff (h,ade <™
Now the sequences {a,:sel, + I*), {(b,: teJ, + J*) in the model N, and the
orders I, J, I,, J, satisfy the condition mentioned in Definition 2.2; hence
I= I, J = Jys are not contradictory, in contradiction to the definition of 6.
So I,J are contradictory, and we prove Lemma 2.5.

LEMMA 2.6. There is a family K, of 2% orders of cardinality N, which are

contradictory in pairs.

Proor. By Lemma 2.4 there is a family {4,:n < w} of pairwise disjoint
subsets of ¥;, each of which is # 0 (mod Dy ).

For every subset B of @ and k < ¥, let us define I} as w if ke 4,, neB, and
as N, otherwise. Let I®= X, (I$)*. We shall show K, = {I® B < w} is the
required family. Clearly |K,;|=2%, and |I®| = N,.

Now suppose B,C = w, B # C, and we shall show I% I are contradictory,
K, is the required family. As B #C, there is n < o such that ne Be>n¢C.
By Lemma 2.3, w, ¥, are contradictory, hence, for k € 4,, I?, I are contradictory.
So

{k < ¥;: I} I{ are contradictory} > 4, # 0 (mod Dy ).
Hence by Lemma 2.5, I%, I € are contradictory, and so K satisfies our demands.
Now we shall prove the main theorem of this section.

THEOREM 2.2. Forevery A > N, there is a family K, of 2* order of cardinality
A which are pairwise contradictory.

Proor. We shall define K, by induction on A.
Case 1. A=1¥,

Let S =|J{2% a < ¥}, i.e. S is the set of sequences of ones and zeros of
length < N. Clearly |[S|=2". As by Lemma 2.6 there is a family K, of 2%
pairwise contradictory orders of cardinality §;, we can name them such that
Ky ={I,:neS}.

Now for every €2 ¥'(i.e. 77 is a sequences of ones and zeros of length X,) we
define

J,= 2 I

k<N
where I k is the sequence of the first k elements of #.
Clearly | J,| = ¥;. Moreover if 7,7€2%} 5 # , then there is k < N, such that
n|k # t|k, hence
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{I < R¥y: Iy, I are contradictory}to {I, <1< N;} €Dy,

Hence by Lemma 2.5 J,,J, are contradictory. So clearly Ky, = { J,: 1162“‘} is
the required family.

Case 2. A=u"
In this case the proof is, in fact identical to the proof of Case 1, with A instead
of 8, u instead of Ny, and K, instead of K.

Case 3. Ais a limit cardinal of cofinality > N,. Let u be the cofinality of A,
and let A= X, where for k<l<p, No<A<l<Ai Let g =2%

Clearly |[Ti<xt| = 2** By the induction hypothesis for every k < u there is a
family K¥*= {I,:ne Hig Wt of 2** pairwise contradictory orders of cardinality 4.
Now for every n € [ [<,tu let J,= 21<”I*,,” (n I k is here the reduction of #, which
can be looked at as a function with domain g, to k ={I: I < k}). Clearly | J,,[ =2,
and |K,|=|[Te<utt] =[Te<i2™=2" where K; = {J,: n€[ic,m}. Clearly by
Lemma 2.5 every two different orders from K are contradictory, and so it is the

required family.

Case 4. 1is alimit cardinal of cofinality 8. Let A =3, . A, wheren < m < w
implies o < 4, < A < A Let p, = 2*. Clearly |[T,<ms|=#tn By the induction
hypothesis for every m < there is a family K™ = {I,: 1 €[ [, <mits} of pairwise
contradictory orders of cardinality 4,,. By Lemma 2.4 there is a family {4,: n < w}
of pairwise disjoint subsets of N;, each of them # 0 (mod Dy,). For simplicity
assume U,,<G,A,, = K;. Now for every 5 eH,K(mu,,, and k< N, let us define
Ik if ke A, Iy =1y,

Now for €] [p<alts let

J,= X (I

k<Ny

Clearly |.I,,| = 2, and 75t implies J, J, are contradictory. Let
K, = {J: n€]locotta}, 88 |K;|= [ To<attn| =[Ta<a2’ = 25<e*= 2% Case 4
is proved, and so Theorem 2.2.

3. DerpNITION 3.1 1) A family K of setsis a family of A-disjoint sets if A,Be K
implies IA nB[ <A

2) A family K of subsets of 4 is (4, p)-proper if it is a family of p-disjoint sets,
and BeK implies !B { = A. (We always assume 4 = p.)

TueoreMm 3.1. Suppose A = |T1| + Ni. Then at least one of the following
holds:
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A) I(A, T, T) =2*
B) There is a (A, No)-proper family of 2* subsets of A.

ProoF. By Theorem 2.2, there exists a family K = {I;: k< 2*} of pairwise
contradictory orders of cardinality A.

For every k <2 1 < ) let I," be an order isomorphic to I, and s,i any element
of IL. Let us define for k < 2%, J, = Z,<;(I*, and M, = M(J,). (M(J,) is defined
by Definition 1.1.) and let {a,: s J,> be the skeleton of M,. Clearly, for every
k < 2% the cardinality of M, is .

Suppose A is not satisfied, and we shall prove that B holds. Let u be any regular
cardinal, A < u < 2% As A does not hold, I(1, T}, T) < 2* and so there exists a
model M such that K = {k < 2*: M, ~ M} is of cardinality > u. Let {(b%: seJ,)
be the image of the skeleton {a,:seJ,y of M,, by the isomorphism from M,
onto M. Clearly, by Lemma 2.1, (b¥: sed,) is a nice sequence in M. For every
keK, let A, = {b¥:s=st, 1< i} = |M|. Clearly | M| is a set of cardinality 2,
and {4,: k 62’1} is a family of = u subsets of IM l, each of them of cardinality A.
(| Ak| = A, because by the definition of a nice sequence s < t €J, implies b¥ < b¥
hence not b¥< b% and so bt bf)

We shall prove now that k# [ = [ Ay ﬂA,I < ¥, in order to prove Theorem
3.1. So suppose | 4, N 4;| 2 Ro. Then there is a sequence {c,: n < ) of different
elements of A, NAp. Let ¢, = by, s(n) =si™; ¢, = by, t(n) = s{™. Without
lose of generality, i(n), j(n) are increasing functions (otherwise we ireplace
{c,;n<w) by a suitable subsequence). Let ¢, =sup{i(n):n<w}, &,
= sup{j(n): n < w}. It is easy to see {c,:n <) ~ bk se (I8)Y* and

{eyin < @)~ (bl se(i®)*y
are nice sequences (in M). Looking at the conditions of Definition 2.2, it is clear
that this implies 2%, I5* are not contradictory. As I} is isomorphic to I, and
I* is isomorphic to Iy, it follows I, I, are not contradictory, a contradiction.

So if I(4, T;, T) < 2* then for every regular u <2* there is a (4, ¥,)-proper
family of subsets of ‘ M | of cardinality = p, where H M H = A. From this B can be
proved easily.

LemMMA 3.2. If there is a (4, N,)-proper family of 2* subsets of A, A> No»
then there is a regular N, <A such that 2% = 2lel . oo,

For proving this we shall first prove

LemMmA 3.3. Let K be a (A, ) proper family of subsets of k, and u be regular
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A) If k"= x, then |K| < k. Moreover, always [KI <«

B) If ¥* > x, but y < x implies y* <k, and A is greater than the cofinality of
K then 1K| £k

C) k= Ny4p x < W, implies y* < N,, and for every B <y, Nyp 2 1o + IB‘*;
and = uo + ]yl‘“, then IKI <k, where po=p + [cf(e)]?.

PrOOF OF LEMMA 3.3. Let K = {4;: k< |K]|}.

A) Let for every k, B, be a subset of A4, of cardinality u. (As ]Akl = A=y,
there is such a subset.) Now if k # [, then B, N\ B, = 4, N A;, hence | B, N B,I < i,
and, as IBkl = IB,[ = u, this implies B, # B,. So IK[ = I{Ak: k< IKl}l
=|{Bi:k<|K[}|2|{B:B=K,

B) Let x < A be the cofinality of «, and let k = X, k;. For every k clearly
A2 4] = U< 0) | £ Zicy| 4k N1y As clearly y < pu < A, x < 4, there is
i = i(k) such that |4, Ni;| Z % + p, and let B, be a subset of 4, N, of
cardinality p. Then clearly k # I implies B, # By, and |K|=|{A.: k <|K|}]|
=Bk <|K}} = |Ui<dB: Bewy|Bl=p} =Zionf=rx.

So B follows immediately.

B| = u} =" So clearly A follows.

C) We shall prove it by induction on 7.
Case 1. y=0. This is Part B) of our lemma (or part A)

Case 2. y=i+1.

As N2 U+ [i|+, and N,.;.q is a regular cardinal, for every k there is
j=J(k) < Ryuipq such that |4, Njk)| = po + |i]*. If |K|> Ny4i4q, then
there is j such that I{k < |Kl:j(k) =j}| > Norirr > Noxie So {4, Nj k< [K!,
j(k) =j} is clearly a (uo + | i|+, w)-proper family of subsets of j, which is a set of
cardinality ¥,.;. By the induction hypothesis we get a contradiction. Hence
|K| S Nptit1 =K.

Case 3. 7y is a limit ordinal.

Letk < ]Kl If for every i <y, lAk N N“il < po+ Iy *, then as u is a regular
cardinal | 4, O N4y | < pto + |7 |*. So there is i = i(k) < y such that |4, N R
= o + |7|*. If | K| > R,+, then there is i® such that | {k: i(k) = % >N
and so {4, NN,;0k<|K |} is a (o + |y|+,,u)-proper family of subsets of
N+, of cardinality > N, , > N, ;. This contradicts the induction hypothesis.
Hence \Kl SN, =K

a+yr

PrOOF OF LEMMA 3.2. Clearly by Lemma 3.3A, 2* = 2™. Let N, be the first
cardinal such that N}“’:f‘". Clearly N;= N,, or y < ¥, implies e < Ng.
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In the first case, clearly N,= N,; satisfies our demand: it is regular and
2% = )M = Ko = K. So assume N, > N,. By Lemma 3.3B, C for any y, if for
every y =7yo, Ngiy> |y|, then Nz, <A. Hence W, = Ng,y,4+; is a regular
cardinal < 4, and 2* = 2% 4 2% > 2% > N}° = 2% So ¥, is the required cardinal.

From Theorem 3.1 and Lemma 3.2, it clearly suffices, in order to prove the
main theorem, to prove that if X, is regular, 1 = N, > |T1 |, then I(A, Ty, T)
>2% 4 21"l This will be done in the following section.

4. The aim of this section is to prove

THeOREM 4.1. If N, is a regular cardinal, A= N, > |T1|» then I(A, Ty, T)
> 2l 4 oMo,

As was said in the end of the last section, by Theorem 3.1 and Lemma 3.2,
this will end the proof of the main theorem.

ProoF. Forevery k< Alet I%* be order isomorphic to the order of the rationals.
LetI*= 3, 1% I° = 1%, J° = (2, < I™*)*. Forevery 4 = ¥,and k < N, let I
be an order isomorphic to J °if ke 4, and to I° if k ¢ 4. Let I* = (I, I + I*.

Later we shall prove

LemMa 4.2. If A,Bc N, A#B(modDy) then M(I*), M(I®) are not
isomorphic.

Let us show that Theorem 4.1 follows from this lemma.

It is easy to see that if {4*: k < u} is a family of subsets of ¥,, and any two of
them are not equal (mod Dy, ), then {M(l"‘): k < u} is a family of non-isomorphic
models of PC(Ty, T). It is easily seen that the cardinality of each of them is A,
hence I(4, Ty, T) = u.

It is also easily seen that if {4,: k < k} is a family of pairwise disjoint subsets of
N, each of them # 0 (mod Dy ), then {( Jycp4s: B < x} is a family of 2" subsets
of X, any two of them are #(mod Dy ). By the previous paragraph this implies
I(, T,,T) = 2%. By Lemma 2.4 it follows I(1, T, T) = 2%,

Now for every regular cardinal 8, < ¥,, let 4, = {6 < ¥,: 6 is a limit ordinal
of cofinality Ns}. Clearly A;#0 (mod Dy ), and f#y implies 4,N A4, =0.
(If & < o it follows from 2.4.) Hence I(4, Ty, T) = 2"°l. So we prove the theorem,
and it remains to prove Lemma 4.2.

PROOF OF LEMMA 4.2. Suppose A,Bc ¥,, and M%) ~ M(I®). We should

prove A = B(mod Dy ). By the symmetry of our assumptions, it suffices to prove
A < B (mod Dy).
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Let F be an isomorphism from M(I*) onto M(I®), and let <a(s): seI*)
be the skeleton of M(I4), and {b(t): t € I®) be the skeleton of M(I®). For every
k < N,, let us choose s, € . It is known (Lemma 1.2) that, for any k, there is a
term 7 of Ly and ¢, <--- < t,,(k)eIB such that

FLa(s0] = ?*T7[b(ty), -+, bltagey)]-
(In the future we shall write only 7.) For every s,, we choose fixed such 7 and
t;,-+ . As N, is a regular cardinal > | Ty |, there is a set C such that it satisfies

Condition 1. C<= N, |C| = ¥, and for every keC, there are
te <. < tpeI® such that Fla(sy)] = t[b(ty), -, b(t})].

For simplicity we shall assume W; < ¥,. Clearly there is no decreasing
sequence of length ¥, in 1% and also not in I4, As N, < N,, every sequence of
length N, whose elements are from I® (or I*), has a subsequence of length ¥,,
which is (strictly) increasing, or is constant. Also every sequence from I® of
length N, has a subsequence of length ¥,, such that either all its elements are
from I* or from X, I Applying this to {t}: ke C), we find that there is
C'=C,|C'| =¥, such that

1) either k,1cC*, k<l =>tl<t}, or k,leC' =l =4

2) either for every ke C }tlel or for every ke C! 1} € X, If*

Applying this to C! and {tZ: ke C*), we can find C*> = C' which satisfies (1)
and (2) also for the #;’s. We can continue n times, and so prove there is a set
< §,, which we shall call again for simplicity C, such that

Condition 2. C < ¥, ] Cl = §,, and for every 1 < m =< n exactly one of the
following conditions is satisfied:

A) for every keC,tyel*; and I<keC = <t; and I<keC,t"cI®
= (¢ %

B) there is ™ such that keC =t ="

C) for every keC, e If; and for every I<keC, ff <1t and
I<keC, trelf =17 ¢ 14

Similarly, by proving the existence of suitable subsets of C, we can assume that
C satisfies also the following conditions:

Condition 3. if mand rsatisfy 1 £ m < r < n then exactly one of the following
possibilities is satisfied:

A) k<leC implies tf <ty <t <t

B) for every k, leC,t} <t/
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Remark. Remember that for every k, 1 <ty; and for every k<leC,
AL

Condition 4. if m satisfies (C) from Condition 2, I <keC, ffel?, i< ¥,
then i < k (as ordinals) and t;" does not belong to quI? .

It is obvious that C*, the set of accumulation points of C, is a closed subset of
N, of cardinality N,. Hence C* €Dy . As we want to prove AcB (mod Dy ), it
suffices to prove 4 N C*< BN C*, So we assume 0 C*, d€ 4, but 6¢B. We
shall get a contradiction and so prove Lemma 4.2.

By Condition 4 it is easy to see that if 5 is any element we chose from
I, and m satisfies C from Condition 2, then keC, k<d =1ty <t;; and
t'¢ 12, t' <ty implies there is ke C, k < J such that t' < tf. As § € 4, there is a
decreasing sequence {s* i < ¥,), s'e I{, such that there is no element of I4 which
is smaller than every . Let F[a(s)] = Z[b(*"), -+, b(i*"")]. As in I} there is no
first element, for every i < N, there is w(i) € If such that

thl e D¢ te 1Dt < w(i)}

As d ¢ B, II,?I = N, and so there is w € I such that |{z < Ny:w(i) =w} l = N;.
So without lose of generality we can assume that for every i < Ny, w(i) = w.

For every m satisfying (A) from Condition 2 let §™ be the least upper bound of

{j < A: there is k < 8, tpe I < I* < 1®}. As in the last paragraph, we can find
w, € I%°™" for each 1 < m < n such that we can assume that for every i < N,

ol D (gt e 1t < w,)

Now it can be easily seen that there are t!,---, "€ I® such that:

1) if m satisfies (B) from Condition 2 then ¢ ™has already been defined

2) if m satisfies (C) from Condition 2 then " < w, t "e I}

3) if m < r, m,n satisfy (C) from Condition 2 then " <t

4) if m satisfies (A) from Condition 2 then ¢" < w,, ¢"e*°"

5) if m <r; m,r satisfy (A) from Condition 2 then t"<{".

Let a = t[b(t}), -, a(t™].. By the definition of M(I®) (sec Lemma 1.2, 3) it
follows easily that: for every ke C, k < d F[a(s;)] < a; and for every i < Ny,
a < Fla(s%)]. It should be noted also that there is no seI“ such that: i < N,
=>s<s';keC k<8 =s, <s.Itis easy to show that this implies (F[a(s)]:s e [*)
is not a nice sequence. But {a(s): s € I*} is the skeleton of M(I*), hence by Lemma
2.1 it is a nice sequence (in M(I)). As F is an isomorphism from M(I*) onto
M(I®), this implies that (F[a(s)]: sel By is also a nice sequence. A contradiction.
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So €4, 6 C* implies d € B, hence A N C* =« BN C*, hence A < B(mod Dy ).
So A = B(mod Dy,), and we prove Lemma 4.2. As has been said, this implies
Theorem 4.1, and so the main theorem.
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